In this study, we investigate the effect of uniform electric field on the resulting quantum propagator of the system and environment interaction. We utilized to use the white noise analysis to solve for the propagator of an open quantum system of a harmonic oscillator which is coupled to an environment consisting of N -multimode harmonic oscillators. With the presence of uniform electric field, the quantum propagator was obtained and was shown that in degenerate normal mode of the system-environment interaction, the propagator was independent on the electric field. Moreover, the resulting propagator was derived and shown that it consists of a product of N simple harmonic oscillator propagators, and there is an N − 2 degenerate normal mode frequencies of the system-environment interaction while the other 2 corresponds to the non-degenerate normal modes frequencies. Lastly, we have shown how electric field affects the full propagator of the open quantum system consisting of simple harmonic oscillator which is coupled to an environment of N -multimode.
Introduction
In order to describe any physical object it is a must to study its properties and its interaction with its environment. We already know that everything is made up of particles, so studying the dynamics of the particle gives meaning to everything that has physical manifestation. One way to describe the particle is to assume that it is a wave that propagates along a given space at a given time. Harmonic oscillation is a solid classical theory that describes the properties of the wave. Perhaps, the very difficult part in describing the particle as a wave is to know its position and what path it might take during its motion because of the randomness. One equation that describes the particle as a wave is the Schrödinger equation, although it may not give an exact position of the particle at a specific time, it gives us hint or idea where the particle might be, but still due to the probabilistic nature of the Schr'odinger equation stems for the measurement which is one of the difficult aspect to understand.
On recent paper of Butanas and Caballar [1] , they used the white noise analysis [2] to derive the propagator of an open system consisting of a harmonic oscillator which is coupled to an environment consisting of N -multimode harmonic oscillator. The propagator was obtained after they solved the normal modes of the system-environment interaction which then they found that it consists of a product of N simple harmonic oscillator. In addition, it was also found that there are N − 2 degenerate normal mode of frequencies of the system-environment interaction and while the other two corresponds to nondegenerate normal mode frequencies. In this study, we investigate the effect of uniform electric field on systemenvironment interaction and the full propagator for degenerate and non-degerate normal mode of frequencies.
Mathematical Preliminaries
In this section, we will review the fundamental of white noise analysis which is a powerful tool in evaluating the Feynman path integral [3] and the Hamiltonian of the system and environment with the presence of uniform electric field. Furthermore, we will visit the thesis paper of Lindao [4] which is a great help in this study. 
Harmonic oscillator in an environment of a finite number of harmonic oscillators with uniform electric field
The Hamiltonian of the system and environment with uniform internal electric field may be written as
where x S , x n , Ω, Ω n , q, E are the position of system and environment, the angular frequency, charge, and electric field while H S ,H B and H SB are the Hamiltonian of the system, environment and the system-environment interaction with electric field, respectively. Moreover, it was assumed that the environment is linearly coupled to the system as shown in Figure 1 .
Propagator for a Harmonic oscillator in uniform electric field
On the paper [4] , they derive the propagator for a Harmonic oscillator in a uniform electric field to extract the wavefunction and the energy spectrum. They formulated that for a linear harmonic oscillator they can write the Lagrangian of the system as
and write x into X + qE mΩ 2 to write (19) as
parametrizing the path as X = X 0 + h m t 0 ω(τ )dτ , we can write (5) for free particle as feynman path integrand of the form
which contains second degree white noise and hard to deal. applying the Taylor series expansion [8] we have
Consequently, the propagator takes the form
where
for convenient, choosing x O = 0 which gives S(x O ) = 0 and since path is extremal at x O = 0, it follows that
due to this assumptions, we can now write the propagator as
(13) where the Donsker-Delta specifies the trajectory of the particle to any x at time t and defined as
notice that the integrand in(23) can be assumed as white noise funtional and can be characterized by its S− and T − transform
Now, for ξ = 0, eq. (30) can be simplified as
where the unit vector e = t
and in the diagonalization of (1−h
and since ξ = 0, it follows that SI R = T I R and thus K(x, 0; t) = T I R Therefore, the propagator for harmonic oscillator with uniform electric field can be written as
The normal modes of the interaction
Consider a small oscillation coordinates
where x i is the distance between the system and the environment of i th harmonic oscillator. We can write the potential and kinetic energy for the system and environment as
In (21), we see that there is a coupling of coordinates and to deal this, we decoupled them by getting the normal mode frequencies of the systems. Then we can define a characteristic equation of the form
where I is an N × N materix, λ = Ω 2 m and
and inserting (23) into the characteristic equation gives,
Solving for the the eigenvalues of the matrix yield N −2 degenerate eigenvalues which are all equal to −γ and the other two are non-degenerate eigenvalues which are increasing values of N, for N ≥ 4. [1] In other words, these N − 2 degenerate eigenvalues with value −γ corresponds to only two oscillators in the environment moving in sync with each other, given that the rest, as well as the system, is at rest. Meanwhile, the other two nondegenerate eigenvalues corresponds to the system-environment motion with synchronized movement. This only holds for any integer N ≥ 4 of oscillators in the environment.
Evaluating the Propagator for 1
st and 2 nd degenerate eigenvalue of normal mode N = 4
To understand the concepts shown in the previous subsection, we will analyze the dynamics of the system-environment interaction composed of N = 4 harmonic oscillators. Imposing this, we can the non-degenerate eigenvalue for normal mode N = 4 as 
Since, our goal is to investigate the effect of the uniform electric field on the system-environment interaction. Consider the first eigenvalue −λ for nomal mode and from the eigenvector Γ, we can observe that x 1 = x 3 = 0 and x 2 = −x 4 , we can obtain Lagrangian that describes this first eigenvalue as
which is independent on the uniform electric field. Similarly, for the second degenerate eigenvalue, we have x 1 = x 4 = 0 and x 2 = −x 3 , the Lagrangian that describe this second degenerate eigenvalue is
and following the same method in subsection 2.2, we can have the propagator for degenerate normal mode frequency as
for the first degenerate eigenvalue and
for the second degenerate eigenvalue.
Evaluating the Propagator for non-degenerate eigenvalue of normal mode N = 4
Since the third and fourth eigenvalue are different and non-degenerate, they corresponds to the case where all element in the system and environment are oscillating. Hence, the Lagrangian corresponds to this case with uniform electric field is given by
where σ is the coupling constant in the system-environment interaction. From the eigenvector Γ, we can see that the system oscillates with different amplitude while the environment oscillates the same amplitude. Thus we can say that, x 1 = x s and x 2 = x 3 = x 4 = x e and the Lagrangian (28) can be writen as
where m s = m, m e = 3m, q s = q, q e = 3q and ρ is the new coupling constant. Applying the same method in subsection (2.3), which we write x → X + qE mΩ 2 and imposing this into the Lagrangian (29) yield, 
To eliminate the system-environment coupling, ρ vanishes if θ = π 4
, then equation (31) yields (32) and (33) is identical in the form of equation (19) subsection (2.2). Instead of repeating the process, we can just do the same evaluation procedure then we can the propagator for the system-environment as follows:
(34)
(35) we know that q s = q, and q e = 3q Hence, we can write the propagators (49) and (50) as
returning the transformed coordinates to its original form needs another transformation of the form we have the expression for the transformed coordinates as
(37)
with m s = m, m e = 3m and substituting the expressions (37) and (38) into (36), we have the desired propagator for non-degenerate eigenvalue for normal mode as
For the case E = 0, it yields back to the result obtained by Butanas and Caballar [1] . Thus, equation (40) shows the effect of uniform electric field on the interaction of the harmonic oscillator in multiple harmonic oscillator environment.
Generalized Propagator with the presence of uniform electric field in N -Multimode oscillatiors
The method in obtaining the generalized propagator for oscillators in N environment is not quite difficult since for a large N number, it is closely related to the N = 4 case and the method was given in the earlier subsection. Again, for oscillators in N environment, there will always two non-degenerate and N − 2 degenerate normal mode of frequencies. Therefore, for large number of N ≥ 4, the full propagator is
Observe that for a simple harmonic oscillator with electric field, the coupling term of the resulting propagator (40) vanishes and giving us the form
(41) and for the presence of another oscillator we have the propagator of the form
Equation (42) is the result obtained by Pabalay [9] when E = 0 and if we consider the two dimensional harmonic oscillator. we can obtain the result of Somerado and Convicto [10] . For greater N we have its form given in equation (40). It is very clear that the obtain propagator is a product of a simple propagator, but it is needed to note that for greater N there will be a degeneracy of the propagator of the system. Furthermore, the first exponential term of (40) is the effect of electric field in normal mode frequency. For degenerate eigenvalue, this exponential term vanishes and which satisfies our expectation in subsection (3.2) that the propagator corresponds to the degenerate eigenvalue is independent on the electric field. Moreover, the second and third exponential term corresponds to the non-degenerate normal mode frequency, while the last exponential term corresponds to the degenerate normal mode frequencies.
Summary, Conclusion and Recommendation
We have solved for the propagator of an open quantum system with the presence of electric field consisting of harmonic oscillator coupled to an N multimode environment. Similar work in [1] , we solved for the normal mode frequencis of the system and we obtained two non-degenerate and N − 2 degenerate normal mode for an environment with N ≥ 4 harmonic oscillator and we have shown that for the degenerate normal mode of the environment, the propagator that corresponds to it, is independent on the electric field. Equation (55) show that the generalized propagator is just the product of the propagators correspond to the non-degenerate normal mode of the system-environment interaction with electric field and the degenerate normal mode. Furthermore, upon obtaining the generalized full propagator, we have verified that the degenerate normal mode frequency was independent on the electric field. Lastly, the electric field only affect the propagator of the system-environment interaction provided that it is a non-degenerate normal mode frequency. The Authors recommend the extension of this paper for many coupled oscillator which are coupled to each other and to the environment using the framework of the white noise analysis.
